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Abstract

‘We propose an approach to amplify the penalty to validators who copy
or act reactively to other validators’ actions. This approach is designed to
operate concurrently with the commitment scheme [I]. Once this penalty
reaches a certain threshold, it becomes preferable to either perform miner-
evaluation work as intended or delegate their stakes to other validators
who perform such work. The approach that we propose is an adaptive
alpha personalized to each miner.

1 Introduction

This paper is a companion to [I]. We consider the problem of validators who
selfishly report weights that optimize their utility, as opposed to reporting weights
that are informative on the actual performance of miners. We model the utility
of validators as the accumulated dividends received over all future rounds. In
turn, the dividend to a particular validator within a round is determined by a
Markovian process that is controled by a combination of the profile of scores
reported by each validator regarding each miner and the profile of stakes (or
capital of tokens) among validators. This Markovian process is also controled by
a few parameters, including a parameter « that controls the rate of increase of
the “bond” processes.

We define the penalty of a weight-copying validator with respect to a val-
idator who exerts an effort and observes the performance profile of the miners
(i.e., a signal in the language of signaling games) as a difference between the
dividends received by these two validators. We present a solution approach
(called “liquid alpha”) that works in conjunction with the commitment scheme of
[1] and amplifies the penalty of weight-copying validators by replacing the static
parameter @ by an adaptive process (i) personalized to each miner i.

We present the model and define the notions of weight-copying penalty and
miner-fairness in Section [2] Section [3] presents a heuristic solution approach



(dubbed “liquid alpha”) to amplify the weight-copying penalty. Once this penalty
is large enough, there is no reason for a validator to copy another validator’s
weights. We present in Section 4 empirical evidence of the effectiveness—as
well as the limitation—of liquid alpha by simulating an immediate version of
the penalty. Section |5|outlines open problems. We refer the reader to [I] for a
description of related works.

2 Model

The problem of weight copying arises in the interaction between validatorﬁﬂ
The simplest model that describes this interaction is a repeated game between
a set of validators. In such a setting, weight copying is simply the tit-for-tat
strategy [2] where one participant j picks another participant k, and at every
round ¢ plays the same action that & played at the previous round ¢ — 1. This
tit-for-tat strategy has the nice property of creating consensus and improving
the long-term outcome for all players. In Bittensor, however, we do not simply
want consensus: we also want fair weights for miners. Our model must therefore
include miners.

We consider the following model of a repeated game with additional signals
from miners. The set of players is the set of validators Z. There is a set of
miners {1,...,d}. At every round ¢t = 1,2, ..., each validator j has the option
to observe a signal v; € X = A% where A¢ denotes the simplex of probability

vectors {z € RY : Z?Zl z; = 1}. Each of the d elements corresponds to a miner’s

normalized performance. We assume that the signal vl are independent and
identically distributed for every round ¢. The distribution of vJ is however
unknown. Each validator j also has a stake value S; associated to it that is
known by all players; we assume that it stays fixed over timeﬂ Without loss of
generality, we assume that jez S; =1

At round ¢, each validator j takes a pair of actions

1. a; € {0,1}, representing whether the validator does make the effort of
evaluating all the miners. The signal v] is only observed by j if a] = 1.

2. wi € X, which is the reported weight vector.

The report profile at round ¢ is a profile of reported weights in X2, There pairs
of actions are generated by a strategy as follows. The set of possible histories

IThroughout this paper, a “validator” refers to a subnet validator, as opposed to a validator
(operated by the Opentensor Foundation) that validates blocks on the Bittensor blockchain.
Likewise, a “miner” refers to a subnet miner, as opposed to miners in that propose blocks in
blockchains such as Bitcoin.

2The sequence vi essentially replaces the notion of a static type in Bayesian games.

3In practice, this may not be true since validators and their nominators may re-stake the
dividends that they earn over time.



observed by j up to round ¢ > 1 is denoted

- |Z] t—1
’Htfl ( X X X ) . (1)
reports  observed signal
A strategy o for j is a sequence of mappings from history and current signal to
an action-pair:
ot Hioq X X —{0,1} x X , forallt>1. (2)

. S~ .
current signal  ofort reported weight

Observe that j does not observe the action af for other validators, nor the signals
vF for other validators. The action-pair can be written as the strategy applied
to the history H; 1 and signal v}:

[af, wi(a})] = [of (Hi-1), 01 (Hy—1,v]a])], 3)

where the decision to spend the effort ag is only a function of the history H; i,
and the reported weight is a function of the current signal v whenever ax; = 1.

2.1 Yuma Consensus and utility functions

To define the utility function for validators, we first introduce the calculation of
dividend shares. Let w{ (i) denote the validator j’s weight on miner ¢ at time ¢,
and let w} € A% denote the normalized vector of weights for j. The consensus
w(7) of miner 7 is calculated as follows. First, we sort the pairs {(w] (%), S;)},ez
from largest to smallest weight value via permutation 7 : Z2 — Z:

wfV (i) > wf® @) > .. (4)
Sr(1)s Sr(2)y -+ (5)

We then look for the smallest partial sum of the sequence Sr(,,) above a parameter
Kk > 0:

M* = i S 6
arg | min ; () (6)

M
subject to: Z Sr(m) > K- (7

m=1

Finally, we set w;(7) = wzr(M*)(i).
Next, we define the consensus-clipped weight from validator j to miner 3.

@7 (i) = min(w] (i), @,(i)). ®)

Validator trust is definded as the total validator weight after consensus-clipping:

d
T = ng (4). (9)



With bonds penalty 3 € [0,1], e.g., f =1 in the implementation, we define stake
weighted as

@ (i) = (1= B)w] (i) + B (i)- (10)
For a fixed sequence oy, the validator bond that validator j has over miner 4
is

S, (i)
Zkez Skwt (i )
B} (i) = B{_1(i) = a[B{_ (i) — A (0)] (12)
= oA (i) + (1 — ) B, (3) (13)
= oAl (i) 4+ (1 — ap)ap 1 A1)+ ... (14)
(15)
(16)

Al(i) = (11)

+ (1 =) —ai1)...(1—az)ar B(i), 15
Bl(i) =0, foralli. 16

Lastly, validator j’s dividend-shareﬂis the sum of bonds scaled by miner incentives
I}

Di(w], w700 4) =Y BI(i)- 1}, (17)
ieM
where ;. ; denote the sequence (a,..., o).

Observe that the process B} (i) is an instance of stochastic approximation
[3], and converges under appropriate conditions. In the current implementation
(before liquid alpha), we have a constant sequence &; = a. Observe that when
a; = a, we have

t—1
B(i) = al] (i) + > _(1—a)'al]_,(i) (18)
(=1
Siw ) — Sﬂi’z z(l)
—~ + (1 —a)foe—"Tttr . (19)
D okez S K0F ; Dkez Skg_(1)
Next, we the miners’ incentives:
) ) S;u

Z?:l Zkez Syavy (Z)

Finally, when the sequence of signals observed by all validators is {v}, the
utility function of j adopting a strategy o is

uj(0?,0775v) = > A (D} (wl, wy?) — pa), (21)
t=1

where p is the cost of the effort of evaluating all the miners in one round.

4Fractional share of the total amount of dividend from the subnet going to validator j.



2.2  Weight-copying penalty

In this paper, our objective is to design a mechanism that amplifies the weight-
copying penalty and in turn amplifies the disadvantage of a validator that copies
weights.

Definition 1 (Weight-copying penalty). Let w; € ]R‘_f_ denote the consensus
weight vector at round t. Let validator j denote a validator whose weights follow
the consensus without delay: w! = w;. Consider a validator k with a delay m > 0
on the weights:

o) = (af,w])i=12,.., (22)
ot = (afv w?)tfl,l ) (23)
wk =wl . (24)

Suppose without loss of generality that validator j and k both have one unit of
TAO in stake S; = Sy, = 1. The long-term weight-copying penalty of validator k
relative to validator j is

(5, k) = uj(oj,a_j;v) —u(c®, 07%;v). (25)

The (immediate) weight-copying penalty of validator k with respect to validator j
is the difference in dividend-shar at round t:

Gy(j, k) = D} (w],w;?) — pa] — Df (wf, w; ") + paf. (26)

Remark 1. The notion of weight-copying penalty is similar to the advantage
of the leader in the Stakelberg model of competition [4], [5]. A similar concept of
last-mover advantage or first-mover disadvantage exists in ultimatum bargaining
games.

Our objective is to show that there is a sequence oy such that for every delay
m, the weight-copying penalty is bounded from below:

L'(j k) = e(m). (27)

Moreover, if €(m) is larger than the delegate-take of j, then there is no reason
for a validator k to copy validator j when k can instead delegate to j.

2.3 Harmless or beneficial to miners

Next, we define criteria for a mechanism to be harmless or beneficial to miners.
The harmless notion is that of fairness, which we define as follows. In the
verifiable setting, we say that a mechanism is fair among miners if for every
validator j and every round ¢: if two miners ¢; and i have the (verifiable)

5The cost of validation is the same for j and k at every round t.



error rate, and if wf(i;) = w(iy) for all k # j, then validator j maximizes its
dividend-share by assigning the same weight to 77 and i5. In other words, if

wl* € arg max DI (w,w;7), (28)
weR?

then w!*(iy) = wl*(iy). This definition using the one-round dividend-share
assumes that the validators are myopics; in general, we can present an alternative
definition using the strategy and utility function.

In the following section, we want to find an adaptive sequence a; that is
adapted to the filtration F; generated by all observed random variables up to
round ¢ and that maximizes the first mover advantage I'(j, k) for every pair of
validators j and k, while ensuring fairness among miners.

3 Liquid alpha solution

In this section, we propose a method (“liquid alpha” of Algorithm to compute a
sequence «; that amplifies the weight-copying penalty. This method is adaptive—
in the sense that each «; is a function of all previously observed variables at
round ¢, and personalized to each miner—in the sense that each miner 7 is
assigned a distinct value oy (7).

If we let a; denote the sequence output by Algorithm [1} and &; = 0.9 denote
the constant sequence taking the value of the current implementation of Bittensor,
we define the amplification factor of the weight-copying penalty as

Gt(ja k? at)

Ht(.]? k) = Gt(j, k, dt) .

(33)

Observe that the denominator Gy(j, k; &) is greater than zero due to the com-
mitment scheme introduced in [I].

4 Empirical evidence

In this section, we present empirical evidence that the liquid alpha algorithm
of Algorithm [I] indeed amplifies the advantage of an honest validator j that
performs the validation work and reports the observed signal truthfully, over
another validator k£ that does not spend the effort of the validation work and
copies the consensus weight. We take as our baseline the advantage of a over b
in setting with the commitment scheme of [I].

4.1 Simulated setting

The evidence in question comes from a simulation of the interactions of three
validators j, k, ¢ and four miners A, B, C, D. We assume that every validator in
{Jj, k,c} observes the same deterministic signal v; if it chooses to perform the



Algorithm 1 Liquid Alpha

Input: Let @, = (W)i=1,....a € R¢ denote the vector of consensus weights of
all miners.
Input: Let off and o’ be parameters with default values o = 0.9 and
al =0.7.
Input: Quantiles gy and gp with default values gy = 0.75 and ¢z, = 0.25.
fort=1,2,... do

Set Cf to qy-quantile of ;.

Set CF to qr-quantile of w;.

if CH < Cl then

Set fallback value oy (i) = 0.9 for all i = 1,...,d,

else
Compute
log(1/af —1) —log(1/a® — 1
a = Og( /a L) OI_gI( /a )7 (29)
Cy — G
b=log(1/a* —1) +aCE, (30)
1
5o (5) = =1,...,d 31
O‘t(z) 1+exp(—au7t(z) + b)? ? ) s Uy ( )
a(i) = [ (i), i=1,....d, (32)
where []gf denotes a clipping function.
end if
Output: oy = (¢(7))i=1,....d-
end for




validation work. We introduce four miners in order to model a range of miners
with different performance or consensus values w; (7).

Let p > 0 denote the initial signal for miner A, and § > 0 the jump in
signal for miner A. We assume that the signal sequences for the four miners are
piecewise-linear as follows:

p tel0,1)
v (A)=qp+dt/3 te]l,3) (34)
p+o t € [3,00),
vi(B) = 0.5 — v (A), (35)
v(C) =0, (36)
w(D) = 0.5. (37)

We assume that both validator j and k have 1 TAO stake. The three
validators adopt the following strategies:

1. Validator j does the honest work (a{ = 1) and reports the normalized
observed signals: w] = vaﬁ Observe that this normalization restricts p
to values between 0 and 0.5, and § to values between 0 and 0.5 — p.

2. Validator ¢ has 98 TAO in stake and also does the honest work (af = 1)

and reports the observed signals: wy = H;}W

3. Validator k does no work (a¥ = 0) and reports the observed consensus
with five rounds of delay:

wk _ [pa 0.5— P Oa 05] te [07 5) (38)
t ’lf/t_5 t e [5, OO)

N [p,0.5—p,0,0.5] te€]0,5) (39)
va::ss\h t € [5,00).

The delay of five rounds corresponds to the typical duration of the commit-
reveal weights (CRW) interval in the commitment scheme of [I]. The red
and blue lines in Figures [2[ and [3|illustrate w}(A) and w](B).

Each miner X € {A, B,C, D} gets the following vector of weights for rounds
t > 5:

[w] (X), wf (X), wi(X)]. (40)
In turn, we have
wi(A) = F((Sj,w] (A), (Sk, w (A), (S, wi(A))) (41)
Ct = qo.as(wi(A), ..., w (D)), (42)
) D))

goeey, Wt
CtquO,75(ﬂ}t(A ,...,ﬂ}t( )



Note that the small stakes for validator j and validator k are such that their
weights have negligible effect on the consensus w;.

4.1.1 Simulation

In this section, we assume that the validation cost is zero (¢ = 0) and measure
the immediate weight-copying penalty G(j, k) for round ¢ (cf. ) We also
measure the amplification factor H of the weight-copying penalty (cf. ) of
liquid alpha (Algorithm on top of the commitment scheme introduced in [IJ.

Difference In Dividend Vs Change In Weight
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Figure 1: Immediate weight-copying penalty G as a function of the initial value
p € [0,0.5] and the jump § € [0,0.5 — p] in the signal of miner A.

Figure [1] shows for different values of the initial signal p for miner A, that
the immediate weight-copying penalty G is positive and monotone increasing in
the increment ¢ in signal. This suggests that liquid alpha is most useful when
there is a significant increment § in the signal of miner A.

Figures [2| and [3| show that liquid alpha (Algorithm [1)) reduces of the dividend-
share of the copier (DF) from the green line to the purple line.



Weight change and dividend per stake across tempo | Start weight p = 0.00, delta & = 0.10
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Figure 2: Dynamics of w/ (A) thus consensus (blue), w(A) (red), dividend-share
to k with liquid alpha (purple) and without liquid alpha (cyan), weight-copying
penalty with liquid alpha (light-blue) and without liquid alpha (orange), and
amplification factor of weight-copying penalty (pink) when the jump in signal is
6=0.1.
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Weight change and dividend per stake across tempo | Start weight p = 0.00, delta = 0.50
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Figure 3: Same with Figure but with 6 = 0.5.

In Figures 2| and [3] when the pink line is above 1, liquid alpha (Algorithm
reduces the dividend-share (DF) of the copier k. The slopes of the purple line
and green line indicate how much dividend-share the copier k¥ accumulates with
and without liquid alpha.

In the case of a signal jump of § = 0.5 as illustrated in Figure [3|- subfigure 1.



From Figure [3]- subfigure 2, we can see that Algorithm [I] gives a large reduction
in DF for the weight copier (k) for 33% from 0.0071 to 0.0053 at ¢ = 5. Figure
- subfigure 4 shows that liquid alpha is effective from round t = 0 to t = 18 as
the pink line at is always larger than 1.

In the case of a signal jump of § = 0.1 as illustrated in Figure [2]- subfigure
1, From Figure - subfigure 2, there is only 6% in the reduction in DF for the
weight copier (k) by Algorithm [1) at ¢ = 5. In Figure [2]- subfigure 3, observe
that liquid alpha amplifies the weight-copying penalty from the orange line to
the light blue line. However, this amplification turns into a reduction for ¢ > 8:
contrary to our objective, liquid alpha helps the weight copier k for later rounds.
The same was as well shown in Figure[2]- subfigure 4 where liquid alpha is only
effective from round ¢ = 0 to t = 8, and fail to satisfy its objective as the pink
line goes below 1.

Difference In Dividend Vs Alpha Low
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Figure 4: Optimal o for different signal jump values 6 and a fixed initial signal
p = 0. Recall that Figure [l| shows that there is negligible dependence on p. Note
that when o’ = off = 0.9, this would be equivalent to when liquid alpha is
in-active
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Figure [4] shows that when the signal jump & for miner A is 0.4, liquid alpha
with an appropriate parameter o achieves an immediate weight-copying penalty
G of the order of 69% from 0.0012 to 0.0020. Moreover, this G is not always
maximal at a low value of o: for instance, when the signal jump is 6 = 0.1, the
optimal value of G is achieved at a* = 0.7.

Optimal alpha low(a**) with regard to change in weight
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g 07
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End weight(p + 9)

0 0.1 0.2 0.3 0.4 0.5

Start weight(p)

Figure 5: Optimal o for different change in weight, given that o/ = 0.9. Note
that there is a symmetry pattern: the optimal value of ol for (p, p + §) = (z,y)
is the same as for (p,p+6) = (0.5 — x,0.5 — y).

4.2 Empirical Subnet data

In this section, we extend the analysis from the simulated setting of to the
actual Bittensor setting using historical data. Table |1| shows that liquid alpha
reduces the duration of the commit-reveal weight (CRW) interval (cf. [I] for
definition) significantly. Moreover, any commit reveal weight interval set higher
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than specified would result in weight copiers earning less than honest validators.
Note that Table [If omits subnets where neither the commitment scheme of [I],
nor liquid alpha (Algorithm [1)) help amplify the weight-copying penalty enough
to dissuade validators from copying weights.

Subnet CRW interval CRW interval duration reduction optimal

duration with liquid alpha al
23 5 3 2 0.2
13 5 3 2 0.7
15 13 11 2 0.2
8 13 9 4 0.2
30 13 9 4 0.2
19 15 7 8 0.2
22 15 9 6 0.2
3 15 7 8 0.7

Table 1: Value of the parameter o’ that maximizes the immediate weight-
copying penalty G for different subnets during the block 2987500 to 3009100
(corresponding to the period from May 19, 2024 00:56:12 to May 22, 2024
01:10:48, UTC [d]).

5 Future Work

The following open questions remain.

1.

2.

3.

With parameters gg = 0.75 and gy, = 0.25, we see that liquid alpha does
not amplify the weight-copying penalty on all subnets due to the fallback
value of 0.9 for «a; in Algorithm [I] A possible solution is to implement
adaptive values for gy and ¢;, personalized to each subnet.

We would like to show that the proposed personalization of ay (i) for each
miner 7 does not introduce unfairness between miners.

We would like to characterize the convergence of the bond process for
different sequences «; in the style of [3].
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